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Abstract
The Guide to the Expression of Uncertainty in Measurement (GUM) has proven to be a major
step towards the harmonization of uncertainty evaluation in metrology. Its procedures contain
elements from both classical and Bayesian statistics. The recent supplements 1 and 2 to the
GUM appear to move the guidelines towards the Bayesian point of view, and they produce a
probability distribution that shall encode one’s state of knowledge about the measurand. In
contrast to a Bayesian uncertainty analysis, however, Bayes’ theorem is not applied explicitly.
Instead, a distribution is assigned for the input quantities which is then ‘propagated’ through a
model that relates the input quantities to the measurand. The resulting distribution for the
measurand may coincide with a distribution obtained by the application of Bayes’ theorem, but
this is not true in general.

The relation between a Bayesian uncertainty analysis and the application of the GUM and
its supplements is investigated. In terms of a simple example, similarities and differences in
the approaches are illustrated. Then a general class of models is considered and conditions are
specified for which the distribution obtained by supplement 1 to the GUM is equivalent to a
posterior distribution resulting from the application of Bayes’ theorem. The corresponding
prior distribution is identified and assessed. Finally, we briefly compare the GUM approach
with a Bayesian uncertainty analysis in the context of regression problems.

Keywords: Bayesian inference, uncertainty evaluation, GUM

1. Introduction

The Guide to the Expression of Uncertainty in Measurement
(GUM) [4] represents a major step towards improving and
harmonizing uncertainty evaluation in metrology. Since its
first publication about 20 years ago the GUM has almost
remained unchanged. It has, however, been amended by the
addition of supplement 1 (GUM-S1) [5] and supplement 2
(GUM-S2) [6] as well as further supporting documents.

The GUM contains elements from both classical and
Bayesian statistics [18, 24]. For example, in a type B
uncertainty evaluation probability distributions are used
to express one’s state of knowledge about the quantities
concerned. Proceeding in such a way is related to a Bayesian
point of view. On the other hand, the type A evaluation of
standard uncertainty associated with the mean of repeated

observations can be understood as an estimate of the standard
deviation of the corresponding sampling distribution and hence
relates to classical statistics.

The key element in an uncertainty evaluation according to
GUM, GUM-S1 and GUM-S2 is a model of the form

η = f (ξ1, . . . , ξN) (1)

that relates the input quantities ξ1, . . . , ξN to the measurand
η. GUM-S2 addresses the case of a multivariate measurand.
Model (1) is a deterministic model between quantities and
it is typically derived on physical grounds. The uncertainty
analysis then proceeds as follows. First, the information about
the input quantities is summarized in terms of estimates and
a covariance matrix (GUM), or in terms of a joint state of
knowledge distribution (GUM-S1). In a second step, this
information is then ‘propagated’ through model (1), i.e. an
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estimate and its standard uncertainty are determined for the
measurand using the estimates for the input quantities and their
covariance matrix (GUM), or a distribution is calculated for
the measurand (GUM-S1). Note that once a joint distribution
for the input quantities has been specified, the distribution for
the measurand in (1) is uniquely determined by probability
calculus. The idea underlying the GUM uncertainty evaluation
is that a model of the form (1) is adequate for the considered
problem and that the available information is related to the
input quantities.

In a Bayesian uncertainty analysis Bayesian inference is
applied to derive a probability distribution that encodes one’s
state of knowledge about the unknown quantities. Formally,
the unknown quantities are modelled as random variables and
probability calculus is the technical means for their treatment.
Bayes’ theorem is applied to derive the (posterior) distribution
for the unknown quantities when new data are to be taken into
account. A Bayesian treatment requires a prior distribution
to be assigned that expresses one’s state of knowledge about
all unknowns before the data are considered. Therefore, a
Bayesian uncertainty analysis allows, and requires, that the
prior state of knowledge about the measurand is taken into
account. The starting point for the application of Bayes’
theorem is a statistical model for the data such as, e.g.,

D1, . . . , Dm|η, θ ∼ Fη,θ , (2)

in which the observed data d1, . . . , dm are modelled as
realizations of random variables D1, . . . , Dm that follow an
assumed sampling distribution Fη,θ . The sampling distribution
depends on a number of parameters, and the measurand η

is a function of these parameters. For ease of presentation
we assume that η is simply one of these parameters which
may have been achieved by an appropriate parametrization.
The additional parameters θ = (θ1, . . . , θp)T then denote
nuisance parameters. Once the statistical model and the prior
have been specified, application of Bayes’ theorem yields
the sought posterior distribution π(η, θ |d1, . . . dm)1. From
the joint posterior π(η, θ |d1, . . . , dm) the marginal posterior
π(η|d1, . . . , dm) is calculated which can then be seen as
the complete result of the Bayesian uncertainty analysis for
η. Similar to GUM-S1, summary characteristics of the
distribution π(η|d1, . . . , dm) may be derived such as, for
example, mean and standard deviation, or a credible interval.
For a general introduction to Bayesian inference we refer to,
e.g. [3, 9, 17].

Although GUM-S1 and GUM-S2 do not explicitly apply
Bayes’ theorem, these supplements appear to adopt a Bayesian
point of view. For example, the introduction of GUM-S1 says:
‘The use of PDFs as described in this Supplement is generally
consistent with the concepts underlying the GUM. The PDF for
a quantity expresses the state of knowledge about the quantity,
i.e. it quantifies the degree of belief about the values that can
be assigned to the quantity based on the available information.

1 A somewhat loose notation for distributions is followed in which, for
example, π(θ) stands for the probability density function of θ . We use the same
symbol for a quantity, the corresponding random variable, and the possible
values which that random variable can take. The meaning should be clear
from the context.

The information usually consists of raw statistical data, results
of measurement, or other relevant scientific statements, as well
as professional judgement.’ This intention is clearly associated
with a Bayesian view, and the distributions obtained by the
application of GUM-S1 may equal those derived in a Bayesian
uncertainty analysis, see, e.g., [7, 14, 10, 12, 27, 28]. On the
other hand, the deterministic model (1) and the statistical model
(2) are basically two different starting points, see [14, 32].

The goal of this paper is to relate the results obtained
in the application of the GUM, GUM-S1 and GUM-S2 to
those of a Bayesian uncertainty analysis. We will mainly
concentrate on the case of a univariate measurand and start
with a simple example in order to illustrate differences and
similarities in the approaches. Then we will consider a
general class of problems and specify conditions for which
a Bayesian uncertainty analysis yields the same results as the
application of GUM-S1. We will identify the prior underlying
the corresponding Bayesian inference and assess its adequacy.
Equivalent results are obtained only when a noninformative
prior is employed for the measurand. We discuss the choice
and use of such priors, and we also touch numerical issues.
Finally, we briefly treat the case of a multivariate measurand
(GUM-S2) in the context of regression problems.

The paper is organized as follows. In section 2 results
obtained by the application of the GUM, GUM-S1 and a
Bayesian uncertainty analysis to a linear model are presented
and compared. In section 3 a general class of models is
considered and conditions are specified for which a Bayesian
uncertainty analysis yields the same results as the application
of GUM-S1. Then, in section 4 we briefly compare a Bayesian
uncertainty analysis with the application of GUM-S2 in the
context of regression problems. Finally, we draw some
conclusions.

2. Simple example

Let us assume we are interested in a measurand such as the
length of a steel bar. The measurand will be denoted by η

and taken as being dimensionless. Assume that a number
of repeated measurement results for η are available and let
the corresponding observations be denoted by d1, . . . , dm.
These observations shall be modelled as realizations from
independent and identically distributed Gaussian random
variables D1, . . . , Dm having variance σ 2 and mean η + δ.
The bias δ of the observations results from an imperfect
calibration of the employed measurement device. For ease of
discussion no further quantities are considered that influence
the measurand. We assume that a Gaussian distribution with
mean δ̂ and variance u2

δ̂
expresses the knowledge about δ

gained in a previous calibration of the device. Furthermore,
a Gaussian distribution with mean η̂0 and variance u2

η̂0
shall

express our prior knowledge about the measurand. This prior
knowledge may have resulted from previous measurements
(assuming the same conditions of measurement), perhaps
obtained using another measurement device. Typically, one
also has some knowledge about the variance σ 2 of the sampling
distribution which may be expressed in a corresponding prior
distribution π(σ). For the subsequent comparison we will
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assume that this knowledge is only vague and we utilize an
improper noninformative prior distribution. To this end, we
choose the noninformative prior π(σ) ∝ 1/σ . Albeit this
prior is improper, the resulting posterior is proper. Altogether,
the simple example may be summarized as follows

D1, . . . , Dm|η, δ, σ
iid∼ N(η + δ, σ 2), (3)

η ∼ N(η̂0, u
2
η̂0

), (4)

δ ∼ N(δ̂, u2
δ̂
), (5)

π(σ) ∝ 1/σ. (6)

For the application of the GUM and of GUM-S1 the prior
knowledge about the measurand will be ignored, and only
the observations d1, . . . , dm and the knowledge about δ be
employed.

2.1. Bayesian uncertainty analysis

In the absence of any further knowledge we model η, δ and σ as
being independent and hence employ the joint prior distribution
π(η, δ, σ ) = π(η)π(δ)π(σ ). Application of Bayes’ theorem
(see section 3.1), followed by a short calculation, then yields
the marginal posterior

π(η|d, s) ∝ π(η)

×
∫

π(δ)


1 +

1

ν

(
(η + δ) − d

s/m1/2

)2



−(ν+1)/2

dδ (7)

for the measurand, where ν = m−1, and d and s denote mean
and standard deviation of the data d1, . . . , dm, respectively.
The marginal posterior π(η|d, s) represents the complete result
for the measurand. It may be summarized in terms of an
estimate such as the posterior mean,

η̂Bayes = E η|d, s =
∫

ηπ(η|d, s) dη, (8)

and its associated standard uncertainty

u(η̂Bayes) =
√

Var η|d, s =
√∫

(η − η̂Bayes)2π(η|d, s) dη,

(9)

or by a (suitably selected) credible interval IP that contains the
measurand with high probability (e.g. P = 95 %), where∫

IP

π(η|d, s) dη = P. (10)

2.2. GUM

The starting point for the GUM is the model

η = ηind − δ, (11)

in which the indication input quantity ηind is introduced that
equals the (unknown) mean of the sampling distribution.
Applying the GUM to our example yields the estimate

η̂GUM = η̂ind − δ̂ = d − δ̂, (12)

along with the standard uncertainty

u(η̂GUM) =
√

s2/m + u2
δ̂
. (13)

2.3. GUM-S1

The starting point for GUM-S1 is also model (11). For
our example GUM-S1 recommends assigning the scaled and
shifted t-distribution

ηind ∼ tm−1(d, s2/m) (14)

with m−1 degrees of freedom to ηind, i.e. (ηind −d)/(s/m1/2)

follows a t-distribution with m − 1 degrees of freedom. For
δ the prior distribution (5) would be used, and ηind and δ

be treated as being independent. GUM-S1 then produces
realizations from the distributions of ηind and δ, and each time
evaluates model (11). In this way, a (large) sample from the
distribution πGUM-S1(η) for the measurand is obtained, from
which πGUM-S1(η) can be determined approximately. Similar
to the Bayesian uncertainty analysis, πGUM-S1(η) could be
viewed as the complete result, which may be summarized in
terms of mean and standard deviation. In our simple example
these summaries can be calculated analytically as

η̂GUM-S1 = η̂GUM = d − δ̂, (15)

and

u(η̂GUM-S1) =
√

m − 1

m − 3
s2/m + u2

δ̂
. (16)

Similar to the Bayesian analysis and just as in (10), a coverage
interval for η can be calculated on the basis of the distribution
πGUM-S1(η). Note that while the GUM and GUM-S1 yield
identical estimates, the associated standard uncertainties are
different.

2.4. Discussion

In figure 1 results are shown for a particular example. GUM
and GUM-S1 yield the same estimates, albeit the associated
standard uncertainty obtained by GUM-S1 is larger than that
achieved by the GUM. The Bayesian inference results already
in a different estimate than GUM and GUM-S1. The reason
for this is the prior knowledge about the measurand which is
accounted for by the Bayesian uncertainty analysis. A further
consequence of taking into account the prior knowledge is
that the Bayesian uncertainty analysis leads to a (slightly)
smaller uncertainty than both GUM-S1 and GUM for this
example. Figure 1 also shows the distribution resulting from
an application of GUM-S1 and the Bayesian posterior together
with its prior distribution. The Bayesian posterior is more
peaked than both its prior distribution and the distribution
produced by GUM-S1. We note that in this case the Bayesian
posterior is proportional to the product of its prior distribution
and the GUM-S1 distribution, see also section 3.3.

In the following the results obtained by the three analyses
will be discussed under various assumptions. Let us first
assume that the number of observations is large. In that case,
GUM and GUM-S1 produce practically also the same standard
uncertainties since (m − 1)/(m − 3) ≈ 1 holds. Furthermore,
the t-distribution of ηind in (14) is approximately Gaussian, and
since model (11) is linear and the distribution of δ is Gaussian,
GUM-S1 results approximately in a Gaussian distribution. The
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Figure 1. Results obtained for model (3)–(6) with η̂0 = 5, uη̂0 = 1, δ̂ = 0, uδ̂ = 0.5, and m = 4 observations having mean d = 4.5 and
standard deviation s = 1. Left: estimates and associated standard uncertainties. Right: probability density obtained by GUM-S1 (dashed
line) and the Bayesian posterior (solid line), together with its prior distribution (‘+’).

Bayesian posterior can also be approximated by the (different)
Gaussian distribution

η|d, s ∼ N
(
η̂Bayes, u

2(η̂Bayes)
)

(17)

with

η̂Bayes =
1/u2

η̂0

1/u2
η̂0

+ 1/u2(η̂GUM-S1)
· η̂0

+
1/u2(η̂GUM-S1)

1/u2
η̂0

+ 1/u2(η̂GUM-S1)
· η̂GUM-S1, (18)

and

u2(η̂Bayes) = 1

1/u2
η0

+ 1/u2(η̂GUM-S1)
. (19)

The Bayesian uncertainty analysis thus results in an estimate
for the measurand which is the weighted mean of the a priori
estimate and that obtained by GUM and GUM-S1. It
follows that u(η̂Bayes) < u(η̂GUM-S1) ≈ u(η̂GUM) holds, i.e.
the Bayesian inference produces a smaller uncertainty than
both GUM and GUM-S1 in this case. The reason is the prior
knowledge employed in the Bayesian inference.

Assume that in addition to a large number m of
observations also the prior knowledge about the measurand
is vague, i.e. that

uη̂0 � u(η̂GUM-S1) (20)

holds. Then, approximately the same estimates and the
same standard uncertainties are reached for all analyses,
and the Bayesian inference and GUM-S1 arrive at the same
distribution.

Consider next the case where the fluctuation in the data
is large compared with the uncertainty in the calibration, i.e.
uδ̂/(s/m1/2) � 1. For ease of discussion, we assume a
perfect calibration, i.e. uδ̂ = 0, and we also consider the
case of no prior knowledge about the measurand (i.e. we
let uη̂0 → ∞). In that case GUM-S1 results in a scaled
and shifted t-distribution for the measurand, as does the
Bayesian inference. Hence, GUM-S1 produces results which
are equivalent to those of a Bayesian uncertainty analysis.

While the GUM yields the same estimate for the measurand in
this case, namely

η̂GUM = η̂GUM-S1 = η̂Bayes = d − δ̂, (21)

its standard uncertainty

u(η̂GUM) = s/m1/2 (22)

is smaller than that reached by the other two analyses,

u(η̂Bayes) = u(η̂GUM-S1) =
√

m − 1

m − 3
u(η̂GUM). (23)

For large m the difference in the resulting standard
uncertainties is negligible, but this is not true for small m.
Perhaps even more important is the fact that type A evaluation
of uncertainty in the GUM intends to produce an estimate of
σ/m1/2, where σ/m1/2 is the unknown standard deviation of
the sampling distribution of the mean of the data (section 4.2.2
in [4]). GUM-S1, on the other hand, uses the standard
deviation of a specified state of knowledge distribution as the
standard uncertainty. This also supports the claim that a change
in paradigm towards the Bayesian point of view has been made
from GUM to GUM-S1.

3. General model

In this section we consider a general univariate model of the
form

η = f (ξ, θ), (24)

where η and ξ are univariate quantities, while θ =
(θ1, . . . , θp)T is in general multivariate. We restrict the class of
functions f (·) in (24) to those that can be solved uniquely for
ξ , i.e. for each θ there shall be a one-to-one correspondence
between ξ and η expressed by

ξ = g(η, θ). (25)

The input quantities on the right-hand side of (24) are
decomposed into one input quantity ξ for which observations
are available and into the remaining input quantities θ for
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which a type B evaluation of uncertainty is applicable. We
assume that the (known) joint distribution π(θ) encodes the
latter information. The distribution π(θ) might have been
obtained from previous experiments, by the elicitation of
expert knowledge (also see section 3.4), or by other means.
In order to apply the assignment rules of table 1 in GUM-S1
in the presence of repeated observations, we also assume that
the data d1, . . . , dm are realizations of the independent random
variables D1, . . . , Dm distributed as

D1, . . . , Dm|ξ, σ
iid∼ N(ξ, σ 2), (26)

whereσ is unknown. The scenario is fairly general with respect
to the scope of GUM-S1 with the exception that only one input
quantity is considered for which observations are given.

3.1. Bayesian uncertainty analysis

We start by specifying the statistical model for the data in terms
of the measurand through

D1, . . . , Dm|η, θ, σ
iid∼ N(g(η, θ), σ 2). (27)

Next we set up a prior distribution π(η, θ, σ ) for the unknowns.
To this end, we will employ prior distributions in the form of

π(η, θ, σ ) ∝ π(η, θ)π(σ ), (28)

i.e. we model σ and (η, θ) as being independent a priori, but
not necessarily η and θ . Application of Bayes’ theorem,

π(η, θ, σ |d, s) ∝ π(η, θ, σ )l(η, θ, σ ; d, s), (29)

where

l(η, θ, σ ; d, s) ∝ 1

σm

× exp

{
−1

2

(g(η, θ) − d)2

σ 2/m
− 1

2

s2

σ 2/(m − 1)

}
(30)

denotes the likelihood, then leads to the following marginal
posterior distribution

π(η|d, s) ∝
∫

π(η, θ)
π(σ )

σm

× exp

{
−1

2

(g(η, θ) − d)2

σ 2/m
− 1

2

s2

σ 2/(m − 1)

}
dσ dθ,

(31)

where again d and s denote the mean and standard deviation
of the data d1, . . . , dm.

3.2. GUM-S1

Following GUM-S1, the scaled and shifted t-distribution
ξ ∼ tm−1(d, s2/m) is assigned to ξ . The joint distribution
of all input quantities ξ and θ is taken as the product of
this t-distribution and the distribution π(θ) encoding the
prior knowledge about θ , i.e. ξ and θ are modelled as
being independent. The joint distribution of (ξ, θ) is then
‘propagated’ through model (24) to yield the distribution
πGUM-S1(η) for the measurand.

3.3. Bayesian uncertainty analysis versus GUM-S1

Subsequently we will compare the distribution πGUM-S1(η)

from which GUM-S1 draws a (large) sample with the
marginal posterior distribution (31) obtained by the Bayesian
uncertainty analysis. We will loosely talk about πGUM-S1(η)

as the distribution obtained by GUM-S1.
In general, the distribution obtained by GUM-S1 and that

produced by the Bayesian inference are different. There are,
however, cases when the two approaches produce the same
distributions.

Remark 1. When the Bayesian analysis is carried out with
the particular improper prior π(η, θ, σ ) = π(η, θ)π(σ ),
where π(η, θ) ∝ |∂g(η, θ)/∂η|π(θ) and π(σ) ∝ 1/σ , then
the marginal Bayesian posterior (31) equals the distribution
obtained by GUM-S1, see [7, 10, 12, 14, 27, 28].

Since the distribution produced by GUM-S1 is always
proper (see [7, 12]) we immediately obtain

Remark 2. When the Bayesian analysis is carried out with the
particular improper prior π(η, θ, σ ) = π(η, θ)π(σ ), where
π(η, θ) ∝ |∂g(η, θ)/∂η|π(θ) and π(σ) ∝ 1/σ , then propriety
of the resulting posterior (29) is ensured.

In order to better understand the particular prior for which
a Bayesian inference yields results which are identical to those
obtained in the application of GUM-S1, consider first the
case of a linear model η = c0ξ + cTθ with known c0 �= 0
and known c = (c1, . . . , cp)T. In that case, the Jacobian
∂g(η, θ)/∂η is constant and the prior π(η, θ) in Remark 1
reduces to π(η, θ) ∝ π(θ). Hence, we get the following

Remark 3. When model (24) is linear and when the improper
prior π(η, θ, σ ) = π(η)π(θ)π(σ ) is employed, where
π(η) ∝ 1 and π(σ) ∝ 1/σ , then the resulting marginal
Bayesian posterior for η equals the distribution obtained by
GUM-S1.

Current principles for assigning noninformative priors
such as the Berger and Bernardo reference prior [1] rely
on the properties of the corresponding likelihood function,
see also [25]. For linear models (24) η acts as a location
parameter in the likelihood (30) and, hence, the assignment
π(η) ∝ 1 can then be seen as being in accordance with
these principles. Furthermore, the prior π(σ) ∝ 1/σ is a
recommended noninformative prior since σ acts as a scaling
parameter in the likelihood (30). For linear models and in
the absence of prior knowledge about both the mean and the
variance of the sampling distribution, GUM-S1 thus produces a
distribution which equals that obtained by a Bayesian inference
using standard noninformative priors. We note, however, that
the use of noninformative priors is not undisputed among
Bayesians, see also section 3.4.1.

For non-linear problems the prior π(η, θ) from Remark 1
generally depends on the measurand η, and η and θ may be
dependent a priori. As discussed below, the resulting prior
still is in accordance with current principles for assinging
noninformative priors. We note that simply using a constant
prior for η in non-linear problems instead, i.e. taking the joint
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prior π(η, θ, σ ) ∝ π(θ)/σ , can fail to produce a proper
posterior [7, 12].

Among the different principles for assigning a noninfor-
mative prior, the Berger and Bernardo reference prior formal-
ism [1] may be seen as the currently favoured one. It deter-
mines the prior in such a way that the expected gain in in-
formation contained in the resulting posterior is maximized
in a certain sense [1, 8]. The resulting posterior distributions
work out well in many applications (e.g. propriety can often
be proven and good inferential properties are reached). Our
case, however, is not one with complete ignorance, as the prior
π(θ) gives us information about part of the unknowns. For
cases like this the reference prior principle has been extended
to reference priors under partial information [34]. It happens
that the prior from Remark 1 is closely related to this principle
according to

Remark 4. The prior π(η, θ, σ ) = π(η, θ)π(σ ), where
π(η, θ) ∝ |∂g(η, θ)/∂η|π(θ) and π(σ) ∝ 1/σ , can be
derived as a reference prior under partial information, see [21]
(and see also [20]).

Further support for the prior of Remark 1 is given by
the fact that it can be derived as a data-translated likelihood
prior under partial information, see [7]. A data-translated
likelihood prior resembles the structure of the likelihood and
is also recommended to be used as a noninformative prior [9].

When prior knowledge in terms of a proper distribution
π(η) about the measurand exists, and when this knowledge
has been obtained independently from that about θ , then the
prior π(η, θ) = π(η)π(θ) would be employed in a Bayesian
analysis. The resulting posterior will then be different from the
distribution produced by GUM-S1 in general. Nevertheless,
for linear models these distributions are still closely related
through

Remark 5. When model (24) is linear and when the
Bayesian analysis is carried out with the prior π(η, θ, σ ) =
π(η, θ)π(σ ), where π(η, θ) = π(η)π(θ), and when for π(σ)

the particular noninformative prior π(σ) ∝ 1/σ is taken,
then the Bayesian posterior π(η|d, s) and the distribution
πGUM-S1(η) obtained by the application of GUM-S1 are related
according to π(η|d, s) ∝ π(η)πGUM-S1(η); see [12] for the
case of univariate θ which is immediately generalized to
θ = (θ1, . . . , θp)T.

It follows that for linear models the distribution produced
by GUM-S1 can be easily augmented to account for prior
knowledge about the measurand in a way that yields the same
results as a Bayesian uncertainty analysis. In fact, this can
even be done by a simple modification of the GUM-S1 Monte
Carlo procedure [11].

3.4. Discussion

3.4.1. Prior knowledge about the measurand. The
equivalence of the application of GUM-S1 with a Bayesian
uncertainty analysis is restricted to cases where the latter is

carried out using a (particular) noninformative prior for the
measurand. However, the use of noninformative priors is
not undisputed among Bayesians (see, e.g., the two papers
[2, 19] and the various comments on both given in the same
issue of that journal). One asymptotic result is that—
under some regularity conditions—the posterior distribution
becomes independent of the prior when the number of
observations tends to infinity [35]2. A sensitivity analysis may
show whether the asymptotic case is practically reached. If so,
the actual choice of the noninformative prior does not really
matter. However, such a situation often requires a large number
of observations, see, e.g., the case of inferring the underlying
mean of multivariate normal observations [26], and this may
often not be feasible for applications in metrology.

Rather than resorting to noninformative priors, an
important feature of Bayesian analysis is just the use of
informative prior distributions. To this end, available prior
knowledge ought to be elicited. Corresponding methods are
meanwhile readily available (see [15, 22]), including software
implementations [23, 30]. These methods may also well
amend the procedures given in the GUM for carrying out a
type B uncertainty evaluation.

3.4.2. Sensitivity analysis. Bayesian inferences are often
accompanied by a sensitivity analysis that reveals how strongly
the results depend on the particular assumptions made. The
sensitivity analysis applies to the choice of the (informative
or noninformative) prior, but it may also include the choice of
the sampling distribution. A sensitivity analysis allows one
to assess how robust the derived results (or conclusions) are
with respect to the assumptions made. In general, this aspect
also affects methods from classical statistics as the choice
of a sampling distribution can be crucial and is often made
by pragmatic considerations, in particular in small sample
cases. GUM-S1 and GUM-S2 do not (explicitly) use Bayes’
theorem and hence cannot be employed to carry out such
sensitivity analyses. While this adds to a harmonization of
uncertainty evaluations in metrology, important insights may
remain hidden.

3.4.3. Numerical issues. In principal, for simple models,
the GUM can usually be applied using a pocket calculator.
GUM-S1 and GUM-S2, on the other hand, apply more
sophisticated means, namely a Monte Carlo method. But
since that Monte Carlo method draws samples that are ‘iid’,
it might still be viewed as a ‘simple’ Monte Carlo method.
When Bayes’ theorem is applied explicitly, the Monte Carlo
methods from GUM-S1 and GUM-S2 are no longer sufficient
in general. Instead, Markov chain Monte Carlo methods
[33] are usually employed then. While a broad selection of
corresponding software (and experience in its application) is
available (e.g. [29, 31]), assessing convergence of the results
can be challenging [16, 33].

2 Note that this does not hold for the simple example from section 2 as
the measurand η is not identifiable from the observations alone, only the
sum η + δ is.
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4. Regression problems

Regression problems constitute an important class of problems
in metrology. They are relevant, e.g., in the determination of
calibration curves. As a simple example consider the task of
determining the parameters η0, η1 of the straight line

y = η0 + η1x (32)

from measurements (x̂1, ŷ1), . . . , (x̂m, ŷm). Assume for ease
of discussion that the x̂i = xi are exact, and that the ŷi can be
modelled as realizations of the independent random variables

Yi |η0, η1, xi ∼ N(η0 + η1xi, σ
2), i = 1, . . . , m. (33)

The statistical model (33) specifies the likelihood, and it
is the natural starting point for a Bayesian uncertainty
analysis. Once a prior distribution π(η0, η1, σ ) has been
assigned, application of Bayes’ theorem yields the posterior
distribution π(η0, η1, σ |ŷ1, . . . , ŷm, x1, . . . , xm) from which
then the sought distribution π(η0, η1|ŷ1, . . . , ŷm, x1, . . . , xm)

for the parameters of interest follows.
In order to apply GUM-S2 to this problem, on the other

hand, a model of the form (1) between quantities needs to
be established first. The relation between the underlying
quantities is given by

y1 = η0 + η1x1

...

ym = η0 + η1xm,

(34)

where the y1, . . . , ym play the role of the input quantities. The
point is that from the system of equations (34) no unique
function (η0, η1)

T = f (y1, . . . , ym) can be derived. One
could, for example, use the first two equations only, or use
a weighted least-squares functional of all equations, etc. As
long as true values are inserted all different functions will yield
the same (correct) result for (η0, η1)

T. However, if estimates
(or distributions) for the input quantities are inserted, the actual
choice of the function matters. The application of GUM-S2 to
such problems therefore is, at least to some extent, ambiguous.

For the homoscedastic case above one might argue that
an unweighted least-squares functional would be the preferred
model, and one may want to apply GUM-S2 to that. However,
as long as the variance σ 2 is unknown a priori and needs to be
estimated, perhaps through repeated observations for the same
xi , proceeding in such a way will generally yield different
results than a Bayesian uncertainty analysis (see [13], and
also [14, 32]). It then depends on the particular application
whether this difference is significant or not, see [36] for a
non-linear example in magnetic field fluctuation thermometry
where it is not.

5. Conclusions

The Guide to the Expression of Uncertainty in Measurement
(GUM) mixes elements from Bayesian and classical statistics
[18, 24], and in particular its type A evaluation of uncertainty
relates to classical statistics. The recent supplements 1 and 2

to the GUM make a shift towards the Bayesian point of
view. For example, in the presence of (normally distributed)
repeated measurements application of supplement 1 yields (a
sample from) a state of knowledge distribution that equals
a posterior distribution obtained by a Bayesian inference
in which a particular noninformative prior is employed
[7, 10, 12, 14, 27, 28]. While this can be seen as a large step
in paradigm, the ‘Bayesian scope’ of supplement 1 (and of
supplement 2) is limited, and key features of a Bayesian
uncertainty analysis, such as the use of informative prior
distributions, are missing. In order to utilize those features
explicit use of Bayes’ theorem is required and, consequently,
different and more involved numerical techniques would have
to be employed.
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