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Abstract
The Guide to the Expression of Uncertainty in Measurement (GUM) provided for the first time an
international consensus on how to approach the widespread difficulties associated with conveying
information about how reliable the value resulting from a measurement is thought to be.

This paper examines the evolution in thinking and its impact on the terminology that
accompanied the development of the GUM. Particular emphasis is put on the very clear
distinction in the GUM between measurement uncertainty and measurement error, and on the
reasons that even though ‘true value’ and ‘error’ are considered in the GUM to be ‘unknowable’
and, sometimes by implication, of little (or even no) use in measurement analysis, they remain as
key concepts, especially when considering the objective of measurement.

While probability theory in measurement analysis from a frequentist perspective was in
widespread use prior to the publication of the GUM, a key underpinning principle of the GUM
was to instead consider probability as a ‘degree of belief.’ The terminological changes necessary
to make this transition are also covered.

Even twenty years after the publication of the GUM, the scientific and metrology literatures
sometimes contain uncertainty analyses, or discussions of measurement uncertainty, that are not
terminologically consistent with the GUM, leading to the inability of readers to fully understand
what has been done and what is intended in the associated measurements. This paper concludes
with a discussion of the importance of using proper methodology and terminology for reporting
measurement results.
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(Some figures may appear in colour only in the online journal)

1. Introduction

Terminology frequently plays an important role in the
development of documents, especially those that introduce new
concepts where the language has not yet been fully developed.
This was the case with the development of the Guide to the
Expression of Uncertainty in Measurement (GUM) [1].

While papers already existed that talked about at least
some aspects of ‘measurement uncertainty’ as early as the

1 The author is Chairman of Working Group 2 (VIM), and a member of
Working Group 1 (GUM), of the Joint Committee for Guides in Metrology
(JCGM). Opinions expressed in this paper do not necessarily represent the
views of these Working Groups.

1970s [2], and even before [3], until the publication of the GUM
in 1993 there was no international consensus about how to go
about determining and expressing measurement uncertainty in
a quantitative sense. Achieving this consensus was, indeed, a
key accomplishment of the GUM.

However, despite this consensus on methodology, there
was seemingly not the same consensus on what terms
to associate with particular concepts, what words to use
to define the concepts, or what the definitions really
meant, especially for ‘true value’, ‘measurement error’ and
‘measurement uncertainty’. For example, some thought that
measurement uncertainty applied only to lack of repeatability
of measurements, while others took a broader view that
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encompassed corrections and human beliefs. The use of
multiple terms to mean the same thing sometimes also led to
confusion (e.g., use of the terms ‘value’ and ‘true value’).

This paper begins with a brief discussion of the historical
aspects of some of the terminology and concepts that predated
publication of the GUM. This is followed by a series of
detailed considerations of terminology used in the GUM. The
distinction between what is a value and what is a true value is
first discussed, leading to examination of the importance of the
concept of true value in the context of what is a measurement.
Also elaborated is the GUM practice of using the term ‘value’
to mean ‘true value’, with reasons provided for refuting this
practice whenever there is the possibility for ambiguity or
confusion. Advantages of expressing the result or outcome
of a measurement as a ‘measured value’ (terminology of the
International Vocabulary of Metrology—Basic and General
Concepts and Associated Terms (VIM) 3rd edition [4]), denoted
VIM3, rather than as an ‘estimate’ (GUM terminology), are
then provided. The GUM treatment of measurement error is
next explored, leading to a look at the pre-GUM objective
of measurement. Measurement uncertainty and the GUM
objective of measurement are treated afterwards, including
a proposal for a possible new definition of measurement
uncertainty.

This is followed by a discussion of the concept of
an essentially unique true value of a quantity (discussed
extensively in the GUM), and the concept of intrinsic (or
definitional) uncertainty.

The key distinction between measurement error and
measurement uncertainty is discussed, with an explanation of
why the term ‘error’ remains useful and used in metrology
(as ‘error of indication’), despite the fact that measurement
error is unknowable, even in principle. The importance of
making the distinction between a quantity and its (true) value
is elaborated, both to show how the concept of measurement
makes sense only if this is the case, and to demonstrate why
error and indication will, in the next edition of the VIM, be
defined as quantities and not as values.

This paper concludes with a discussion of the importance
of using proper methodology and terminology for reporting
measurement results and with a look to the future, towards
where the GUM revision is going with some of this
terminology.

Of course, because of the difficulty in obtaining a
consensus opinion on such matters from any organization, the
views expressed here must be considered to be those of the
author based upon his own experiences and those of some of
his colleagues [4, 5]

2. Historical (pre-GUM) considerations

The first edition of the International Vocabulary of Basic and
General Terms in Metrology [7], denoted here as VIM1, was
developed by an ISO Metrology Group (jointly comprised
of representatives from BIPM, IEC, ISO and OIML) and
published in 1984, nine years before publication of the GUM.
The VIM1 contained the following entry:

[VIM1 3.09] uncertainty of measurement
An estimate characterizing the range of values within which
the true value of a measurand lies.

While this definition clearly does not include the
probabilistic aspect that the GUM later brings to the concept,
it was not too bad of a starting point upon which to build.
Quite notably, this definition includes the term ‘true value.’ In
fact, the pre-GUM objective of measurement can be thought
of as being to provide a best estimate of the true value of
the measurand by controlling sources of random error, and
by identifying and correcting for all significant sources of
systematic error. More will be said about this later (see
section 3.5).

A Note accompanying this definition hinted towards going
in the direction that the GUM later formalized, of making
a distinction between components of uncertainty arising on
the basis of a statistical distribution (which the GUM calls a
Type-A component of uncertainty) and components based on
experience or other information (which the GUM calls a Type-
B component of uncertainty). The GUM revision currently
underway [8] will de-emphasize making such distinction, for
reasons that will be discussed below.

As chronicled in the Foreword of the GUM, shortly after
publication of the VIM1 a first meeting of a Working Group
of the ISO Technical Advisory Group on Metrology (ISO
TAG4) was held to begin development of a detailed guidance
document based on the Recommendation INC-1 (1980) of
a BIPM Working Group on the Statement of Uncertainties.
From the Report of that first meeting in 1986 it can be
seen that the importance of vocabulary and nomenclature was
addressed, and an initial set of terms was identified for which
agreed definitions would be useful, including ‘uncertainty’,
‘combined uncertainty’ and ‘overall uncertainty.’

By the time of the second meeting of the ISO TAG4
Working Group in 1987 a definition of ‘uncertainty’ was
proposed: ‘A measure or quantity expressing the quality of a
measurement result.’ A Note added that uncertainty was ‘not
a confidence interval.’ Quite interestingly, not only was the
VIM1 definition of uncertainty of measurement not used, but
there was in fact already in the Report of that meeting a move
towards ‘. . . eliminating references to true value.’ Whether this
meant references to the term or the concept of true value, or
both, isn’t entirely clear, but what seems clear is that some
sort of ambiguity and inconsistency about true value began
to develop, at least among some of the ISO TAG4 Working
Group members. This was unfortunate, since it resulted in a
treatment of the term ‘true value’ in the GUM that masked the
importance of the concept, regardless of what it is called. This
will be elaborated below.

3. Aspects of GUM terminology

3.1. Distinction between value and true value

Annex B.2 of the GUM provides definitions of ‘value’ (B.2.2)
and ‘true value’ (B.2.3) that are taken directly from the second
edition of the International Vocabulary of Basic and General
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Terms in Metrology [9], denoted here as VIM2, which was
published in 1993 (the same year as the GUM):

[GUM B.2.2] value (of a quantity)
magnitude of a particular quantity generally expressed as a unit
of measurement multiplied by a number

[GUM B.2.3] true value (of a quantity)
value consistent with the definition of a given particular
quantity

From these two definitions it can be seen that, for a given
particular quantity, a true value is a special value, one that is
consistent with the definition or specification of that quantity
(as opposed to the many values that are not consistent with the
definition). A Note accompanying the GUM definition of true
value clarifies that a true value is not just any value, but rather
is a value that would be obtained by a perfect measurement.
Most noteworthy, there is a clear distinction between the two
concepts in these two definitions, so that whenever there is the
possibility for ambiguity, it is necessary to use the modifier
‘true’ when the term ‘value’ is used in a given situation where
a value that would be obtained by a perfect measurement is
intended.

However, while the GUM provided these two definitions
in annex B.2, it did not consistently abide by them. As an
example of the inconsistency in the GUM concerning ‘value’
and ‘true value,’ in D.3.5 and 3.1.1 the GUM takes the position
that the term ‘true value’ is avoided because the word ‘true’
is unnecessary and viewed as redundant. A GUM comment
also accompanies the GUM definition of true value stating that
‘true value of a measurand’ and ‘value of a measurand’ are
viewed as being ‘equivalent’. These positions are inconsistent
with the distinctly different definitions above (in [GUM B.2.2]
and [GUM B.2.3]). This sometimes leads to confusion about
which definition or concept is intended in a given situation.

Further confusion arises since the GUM states that ‘. . . a
unique true value is only an idealized concept’ that ‘cannot be
known exactly’. While this is of course correct, it sometimes
leads to the incorrect conclusion that the concept of true value
is not important and so the term ‘true value’ is unnecessary.

3.2. Importance of the concept of true value

The importance of the concept of true value can be seen by
examining the definition of ‘measurement’ in the GUM, which
was taken directly from the VIM2 (2.1):

[GUM B.2.5] measurement
set of operations having the object of determining a value of a
quantity

While the meaning of ‘a value’ in this definition is the
concept associated with the term ‘true value’ above [GUM
B.2.3] (this has been confirmed by one of the principle authors
[10] of the GUM), the fact that the term ‘true value’ is not
used in the definition leads to the ambiguity and confusion
mentioned earlier, since ‘a value’ in the definition could
(incorrectly) be assumed by some to mean a general value
or a measured value, and not a true value.

The important point here is that the concept of
measurement relies critically on the concept of true value
(as defined in [GUM B.2.3]), since indeed the whole point
of measurement is to be able to say something about what’s
known, or at least is believed to be known, about the true value
of what it is you want to measure (the measurand). Without the
concept of true value, this definition of measurement does not
make sense. The only problem is that this definition hides that
fact very well, and so people sometimes get very confused.

The same problem also exists with the GUM and VIM2
definition of ‘uncertainty (of measurement)’ [VIM2 3.9]:

[GUM B.2.18] uncertainty (of measurement)
parameter, associated with the result of a measurement, that
characterizes the dispersion of the values that could reasonably
be attributed to the measurand

Here the term ‘the values’ is used, but again what is meant
is ‘the true values’. Without the concept of true value, this
definition also does not make sense.

Besides the reasons given above for why the ISO TAG4
Working Group chose to use just the term ‘value’ in these
definitions, another reason that is sometimes heard is that it is
possible to use the articles ‘a’ and ‘the’ to make the distinction
between ‘value’ and ‘true value’. That is, ‘a value’ can be
used to mean a general value, whereas ‘the value’ can be used
to mean ‘the true value’. But even the above two definitions
are inconsistent in that regard, since the first definition uses ‘a
value’ and the second definition uses ‘the value’ to both mean
‘true value’. Another argument against using this approach is
that articles are not used in some languages, and so translation
becomes an issue.

While not explicitly stated this way in the GUM, it has also
been argued [10] that the term ‘true value’ should not be used
since it conveys a sense of uniqueness that does not exist for
most measurands, because of the inability to completely define
most measurands. A possibility for resolving this viewpoint
in the future might then be to find a different term (other than
‘the value’) to associate with the concept given in definition
[GUM B.2.3] above.

3.3. Measured value, result of a measurement and estimate

As mentioned in the introduction, one of the ways that the
VIM3 has addressed the situation concerning the ambiguous
GUM use of ‘value’ and ‘true value’ is to introduce another
entry:

[VIM3 2.10] measured value
quantity value representing a measurement result

where ‘measurement result’ is defined as:

[VIM3 2.9] measurement result
set of quantity values being attributed to a measurand together
with any other available relevant information

The idea is that by introducing ‘measured value’ a
distinction is made with respect to ‘true value’, and then clearly
‘value’ cannot be used unambiguously to mean both ‘measured
value’ and ‘true value’.
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true value
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measured value
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1 measurement unit
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measurand: particular quantity subject to  measurement

fit to histogram data

Figure 1. Illustration, using the terminology of the VIM3 [6], of the concept of ‘error of measurement’ and its components, ‘random error’
and ‘systematic error.’

Another reason for introducing ‘measured value’ is that
the GUM uses the term ‘estimate’ for this concept, which is
itself sometimes confusing, since ‘estimate’ is a term also used
in both a general sense and in a strict statistical sense. The
published GUM Supplements are now using the terminology
of ‘true value’ and ‘measured value’ whenever the possibility
for ambiguity exists, and the revised GUM will also do so.

Note that the VIM3 definition of ‘measurement result’ is
a set of values, which reflects the idea that a measurement
result is not just a single measured value, but also includes
measurement uncertainty.

3.4. Measurement error

Since one of the key principles of the GUM is that true values
are unknowable, even in principle, it follows that measurement
errors are also unknowable, and the GUM spends a fair amount
of time discussing this as well [e.g., 2.2.4, 3.2.1 Note].

While the GUM does not seem to discourage the use of
the term error quite the same as it discourages use of the term
true value, nonetheless one gets the sense from the GUM that
the concept of error is also not very useful.

While the concept of error may not be quite as important
as the concept of true value, it almost is, if only for the
purpose of being able to make the distinction between error
and uncertainty, which are of course two distinctly different
concepts, as the GUM emphasizes [e.g., in 3.2.3 Note].

Further, while the term true value does not currently
typically get wide usage in the metrology community, most
likely because of its treatment in the GUM, the term error
continues to be widely used, and there’s a good reason for that
(see discussion below on ‘error of indication’).

Looking in a little more detail at what the GUM has to say
about what error is and what it isn’t, as far as the GUM [B.2.19]
and the VIM2 [3.10] are concerned, error of measurement is
the difference between the result of a measurement and a true
value of the measurand, where a result of a measurement in
this case is meant to be the measured value of the measurand.

This is illustrated schematically in figure 1, where yi

indicates an individual measured value of the measurand,
which is defined as:

[GUM B.2.9 and VIM2 2.6]
particular quantity subject to measurement

(Note that [VIM3 2.3] defines measurand as ‘quantity
intended to be measured,’ which is a slightly different concept.)

A histogram is also shown in the figure for a set of such
individual measured values, where the area of each rectangle of
the histogram represents the number of times that an individual
measured value was obtained within the interval defined by the
width of the rectangle. And then a fit to the histogram data is
shown by the black curve, and y is the location of the maximum
of the curve.

The unknown true value that is desired to be obtained from
the measurement is plotted to the left in the figure, mainly for
purposes of exaggeration and clarity, but also to illustrate that
there could be some mistake that is totally unaccounted for
when performing the measurement.

This possibility for mistakes, which one typically doesn’t
and can’t know have been made, is a big part of what is meant
by true value and error being unknowable, even in principle,
although the GUM doesn’t really elaborate on that aspect very
much. Of course, the experimenter hopes and believes that
no mistakes have been made, and further believes that he or
she has properly corrected for all systematic errors, and thus
the measured value y is considered to be the best estimate to
attribute to the true value of the measurand.

The concepts of systematic error, random error, and
(individual) error are all illustrated in the figure.

3.5. Pre-GUM objective of measurement

As mentioned above in clause 2, the pre-GUM objective of
measurement can be thought of as being to provide a best
estimate of the true value of the measurand by controlling
sources of random error, and by identifying and correcting
for all significant sources of systematic error.

Even before the GUM it was recognized that the fit to
the histogram data in figure 1 was only an approximation
to the fit that would be obtained for an infinite amount of
data, as shown in pink in figure 2. Methods for estimating
the difference between the location of the maximum of the
theoretical frequency distribution and the location of the
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Figure 2. Illustration, using the terminology of the VIM3 [6], of the three unknowable aspects of ‘systematic error’: (1) unknown
systematic errors, (2) uncertainty of known systematic errors, and (3) unknown mean of the theoretical frequency distribution (for an infinite
amount of data).
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value

_
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estimate 1 measurement unit

systematic error1
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Figure 3. Same illustration as in figure 2, only using the terminology of the GUM [1].

maximum of the fit to the histogram data existed and were
used. (The separations in the figure are again exaggerated for
purposes of trying to be clearer.) The figure also shows that
there might be more than one known source of systematic error
to correct for, but in the end there is always a potential unknown
and unknowable mistake, manifest as an unknown component
of systematic error.

For purposes of illustration, figure 3 is almost the same
as figure 2, only the terminology of true value and measured
value have been changed to the GUM terminology of value
and estimate, just to show that the concepts remain the same,
only the terms change in the GUM.

Figures 2 and 3 also demonstrate why, during discussions
of uncertainty even before the GUM, it was recognized that
components of uncertainty existed based on both statistical
considerations, such as the standard deviation of the mean for
the fit to the histogram data, and other considerations, such
as uncertainty in the corrections made for known systematic
errors.

It can be seen in the figures that an uncertainty due to
lack of knowledge of the exact location of the maximum of
the theoretical frequency distribution contributes to the overall

uncertainty of the estimate or measured value in the same way
that an uncertainty in a correction due to a known systematic
error contributes.

Ultimately, both types of components of uncertainty
contribute in the same way to the lack of knowledge about
the true value of the measurand.

As mentioned earlier, the GUM refers to the components
of uncertainty coming from repeated observations as Type-A
and the components of uncertainty coming from other sources,
such as corrections to systematic errors, as Type-B. But it’s
not really necessary, or sometimes even possible, to make
such a distinction, since sometimes components of uncertainty
that derive from corrections to systematic errors are actually
assessed based on repeated observations. And so the next
edition of the GUM will de-emphasize such distinction.

3.6. Measurement uncertainty and the GUM objective of
measurement

Turning now to some of the terminology-related matters
pertaining to how the GUM views the objective of
measurement, and where that differs from pre-GUM thinking,
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Figure 4. Illustration, using the terminology of the GUM [1], of the GUM objective of measurement (which is to establish an interval of
values within which the essentially unique value is believed to lie, with a given degree of belief, based on the available information from the
measurement and also possibly from other sources). The PDF is the probability density function and is not a fit to a histogram.

first consider a statement from [GUM 3.1.1]: ‘The objective of
a measurement is to determine the value of the measurand, that
is, the value of the particular quantity to be measured.’ This is
essentially the same as pre-GUM thinking, but this statement
is then augmented [GUM 3.1.2] by: ‘In general, the result of a
measurement is only an approximation or estimate of the value
of the measurand and thus is complete only when accompanied
by a statement of the uncertainty of that estimate,’ meaning
estimate of the true value.

So, as also mentioned earlier, the concept associated with
the term measurement result has begun to be modified in the
GUM to include measurement uncertainty, which has broad
implications. Quite notably, the objective of measurement
according to the GUM does not include the concept of error,
which the pre-GUM objective did, although the GUM objective
does include the concept of true value as well as measurement
uncertainty.

So just what is this thing called measurement uncertainty?
What is it that one is uncertain about? Plain and simple, the
GUM tells us that what we are uncertain about is the value,
meaning true value, of the measurand. The GUM further tells
us that the true value of the measurand is unknowable, even in
principle, so there is nothing that we can say about it for sure.
We can only talk about it in probabilistic terms, where here
probability means degree of belief. And this is of course one
of the key underpinning positions of the GUM, which it talks
about in several places [e.g., 3.3.5, E.3.5, E.4.4, E.5.2 Note].

3.6.1. Possible new definition of measurement uncertainty.
Looking ahead a little to the next editions of the VIM and GUM,
a definition of measurement uncertainty might be considered
more along the lines of the definition in the first edition of the
VIM shown earlier, with the important addition of the concept
of degree of belief, expressed as a probability:

[VIM4 ?] measurement uncertainty
parameter (or parameters) characterizing how well the
(essentially unique) true value of the measurand is believed
to be known

(See section 3.7 for a discussion of ‘essentially unique’.)
A Note could then elaborate on what belief means: ‘Note:

the degree of belief, expressed as a probability, is based on
the available information (obtained from the measurement
and possibly also from other sources), and assumes that no
mistakes have been made in performing and reporting on the
measurement.’

Using this concept of measurement uncertainty, two
ways of formulating the GUM objective of measurement are
possible, although the GUM does not explicitly state either of
these. The first formulation, which can be considered as an
intermediate objective, is that the objective of measurement
is to establish probabilities, expressed as a probability density
function, or PDF, that, using the GUM terminology, individual
estimates are actually the essentially unique value of the
measurand, based on the available information from the
measurement and possibly also from other sources.

This leads to the second formulation, which can be
regarded as the final objective of measurement, which is to
establish an interval of values within which the essentially
unique value of the measurand is thought to lie, with a given
degree of belief, based on the available information from the
measurement and possibly also from other sources.

Clearly the second formulation does not contain the
same level of detail as the first, but it is perhaps an easier
and more acceptable way of considering and understanding
measurement uncertainty and the objective of measurement.

3.6.2. Schematic representation of the GUM objective of
measurement. Figure 4 shows the GUM objective of
measurement in a schematic form similar to what was shown
earlier for pre-GUM thinking.

Using the language of the GUM, both of the formulations
of the GUM objective of measurement are depicted in this
figure, where it is important to recognize that the black curve
is no longer a fit to histogram data, but rather is a probability
density function. The coverage interval that is mentioned in
the second formulation is also shown, as is something that the
GUM refers to as an intrinsic uncertainty, having to do with
how well the measurand is defined.

Figure 5 is almost the same as figure 4, but the GUM
terminology is replaced with the VIM3 terminology of true
value and measured value, which as discussed earlier is
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Figure 5. Same illustration as in figure 4, only using the terminology of the VIM3 [6].
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Figure 6. Same illustration as in figure 5, but where the magnitude of the definitional uncertainty is significant with respect to the magnitude
of the combined standard uncertainty. In this case the meaning of the PDF comes into question, as indicated by the dotted curve.

now being used in the new GUM documents whenever the
possibility for ambiguity arises.

Also in figure 5, the GUM term intrinsic uncertainty has
been replaced with the VIM3 term definitional uncertainty,
although the concept is still the same.

3.7. Intrinsic uncertainty, definitional uncertainty and
essentially unique true value

Basically, the intrinsic or definitional uncertainty results from
the necessarily incomplete definition of a measurand, which
is related to whether the true value can be considered to be
unique, or at least essentially unique.

The GUM goes well out of its way to describe what it
means by ‘essentially unique’ (e.g., 1.2), mostly in Annex D
(e.g., D.3.4).

The concept here is that it is very important when using
the GUM to have an adequate definition of the measurand,
through a detailed-enough measurement model, such that
the definition of the measurand does not limit to how many
meaningful significant digits the measurement uncertainty can
be expressed with respect to the required or desired number of
meaningful significant digits.

Stated another way, in order to correctly use the
mathematical machinery and methodology of the GUM, it
is necessary that the intrinsic or definitional uncertainty be
small compared to the measurement uncertainty, or otherwise

the probabilistic interpretation of the GUM becomes very
complicated, if not meaningless.

Figure 5 shows this schematically. The definitional
uncertainty is shown as being relatively small in comparison to
the combined standard uncertainty, so it is possible to consider
the true value to be essentially unique with respect to the
measurement uncertainty, and each point of the PDF curve
can be regarded as the probability, as degree of belief, that the
true value of the measurand is the value immediately below
that point of the curve.

However, if the definitional uncertainty is significant in
comparison to the combined standard uncertainty, as shown
in figure 6, then there is no essentially unique true value of
the measurand, since any of the values within the range of the
definitional uncertainty satisfy the definition of the measurand,
and so the meaning of the PDF curve becomes somewhat
obscure.

A dotted PDF curve is shown in figure 6 to illustrate that
then the PDF might have to be broadened and interpreted
to mean that, at a given point of the PDF curve, any of the
values below that point that are within the range or span of
the definitional uncertainty have equal probability of being a
true value of the measurand. But there is no formalism for
this type of analysis, at least not in the GUM, so this is not
an acceptable regime in which to perform measurements using
the GUM methodology. The measurand must be better defined
in this case.
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So this emphasizes the need to make sure that the definition
of the measurand is adequate for the purpose at hand when
designing a measurement and using the GUM methodology.

3.8. Measurement error and measurement uncertainty

Returning to measurement error, there is another terminologi-
cal aspect worth discussing.

As mentioned above, in the GUM [B.2.19] and the VIM2
[3.10] error of measurement is defined as a difference of values,
since result of a measurement in these definitions means a
value.

The VIM3 [2.16] definition of error of measurement is
‘measured quantity value minus a reference quantity value,’
which broadens the concept somewhat, but still defines
measurement error as a difference of values.

The reference value might be a true value, or perhaps
another type of value, as will be explained shortly, but
it is a value nonetheless. However, in conversations in
both of the Working Groups of the Joint Committee for
Guides in Metrology (JCGM) it has come to be accepted that
measurement error should be defined as a quantity, which
itself has a value, and the revised GUM and Supplements are
proceeding with such terminology, where the value associated
with an error is simply termed ‘error value’. A similar approach
is also being taken with the terms ‘indication’ and ‘indication
value’. The fourth edition of the VIM will almost certainly
define measurement error and indication as quantities.

It is not completely obvious in some cases how error can
be regarded as a quantity, so it is worth discussing here the
important distinction between what is a quantity and what is a
value of a quantity, which people sometimes regard as being
the same things.

3.9. Distinction between quantity and value of a quantity

The VIM3 definitions of quantity and value of a quantity are:

[VIM3 1.1] quantity
property of a phenomenon, body or substance where the
property has a magnitude that can be expressed as a number
and a reference

[VIM3 1.19] value of a quantity
number and reference together expressing magnitude of a
quantity

Note that a quantity is a property of something, where
the property can be regarded as having a magnitude. For
example, a pencil has the property of spatial extent or length,
such as the spatial separation between the two ends. And that
spatial separation can be characterized as having a magnitude,
or amount. But in order to estimate what that magnitude or
amount is, it’s necessary to do a measurement, which usually
consists of some kind of comparison.

A value is then an output of the measurement, which
expresses the magnitude in terms of the magnitude of the
reference standard used to perform the comparison. So the
quantity is the property, and the value is the characterization

of that property with respect to a standard that has a property
of the same type, such as length.

Most important to note is that the concept of quantity does
not incorporate or need the concept of comparison, whereas the
concept of value of a quantity does.

Making the distinction between quantity and value of
a quantity is therefore very important, since if they are not
distinguished but are rather considered to be the same thing,
the concept of measurement again makes no sense.

Note that some properties have no magnitude, such as the
gender of a human being, and so those properties are called
nominal properties and not quantities. Nominal properties can
also have values, but not of the type defined here, and this topic
is therefore outside of the scope of the GUM. However, because
of their importance, nominal properties might be considered
in connection with where the GUM could head in the future.

So, errors and indications are now considered in the JCGM
to be quantities that have values.

3.10. Error of indication

As mentioned earlier, there is yet another aspect of usage of
the term error, and also of indication, that warrants discussion,
since it is so widely used, and that is the concept of ‘error of
indication’, that’s used in the process of testing a measuring
instrument or system. The GUM does not really treat this
usage of the term error, although the new GUM Document on
conformity assessment does [11].

Figure 7 shows schematically the concept of error
of indication. A measuring instrument, say a weighing
instrument, is being tested to see whether it conforms to some
specification, sometimes referred to as a tolerance or maximum
permissible error. The weighing instrument is tested by placing
measurement standards, such as calibrated weights, on the pan
of the weighing instrument. This process can be repeated
multiple times, as illustrated by the fit to histogram data shown
on the right in the figure.

y represents the average value of the indication of the
measuring instrument when the same weight is repeatedly
placed on the instrument. ystandard is the calibrated value of
the standard weight that’s repeatedly placed on the instrument.
This value can be obtained from a calibration certificate for that
standard weight. The uncertainty associated with that standard
weight can be determined from a PDF (illustrated in the centre
of the figure) that could be provided with the calibration
certificate, although usually such a calibration certificate will
just contain the uncertainty and not the PDF.

The essentially unique true value of the standard weight is
shown schematically to the left, and is of course unknowable.
Therefore, while the total systematic error associated with the
measured value of the indication of the measuring instrument
is also unknowable, the value of the error of indication,
defined here as the difference between the measured value
of the indication and the measured value of the measurement
standard, is knowable, and that is what is compared to the
tolerance or maximum permissible error, in order to determine
whether the instrument passes that particular test.

This depiction is of course very simplified, but is intended
only to show another reason why the term error continues to
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Figure 7. Illustration, using the terminology of the VIM3 [6], of the concept of ‘error of indication,’ which is knowable, but nonetheless has
a measurement uncertainty deriving from the uncertainty of the measurement standard and the uncertainty associated with performing the
measurement.

be used in the metrology community, as a shorthand for error
of indication, despite the fact that, in the GUM usage, error
remains unknowable.

It is interesting to note that the error of indication in fact has
a measurement uncertainty, which sometimes confuses people.

So use of the term ‘error’ both as ‘measurement error’ and
as ‘error of indication’ is a terminological aspect of the GUM
that will need to be clarified in the GUM revision.

4. Expressing and reporting measurement
uncertainty

The terminology surrounding how to express and report
measurement uncertainty is covered in clauses 7 and 8 of the
GUM, but the technical literature shows that not all people
performing measurements are necessarily familiar with the
GUM, and so it is sometimes difficult for a reader of the open
literature to understand what has been done in the measurement
being reported on.

The GUM implies that probably most important is that
all of the information necessary for the re-evaluation of the
measurement should be available to anyone who needs it. This
means providing a full description of how the measurand is
defined, which means providing the measurement model.

4.1. GUM terminology of ‘modelling the measurement’

Where possible, a functional relationship is provided relating
the measurand, called the output quantity, typically denoted by
Y , to the input quantities, typically denoted by Xi , as shown
in equation (1):

Y = f (X1, X2, . . . , XN). (1)

The GUM uses the same equation and symbols to also
mean random variables representing the possible outcomes of
observations, or measurements, of these input quantities.

The next step in modelling is to turn equation (1), which
is an equation relating quantities, into equation (2):

y = f (x1, x2, . . . , xN) (2)

which is an equation relating values of quantities, denoted by
lower case letters, which as mentioned earlier the GUM calls
estimates.

4.2. Correlation and non-linearity

The standard uncertainties associated with each of the input
estimates, denoted by xi , are to be reported, along with a
description of how each was obtained. If there is correlation
among input quantities, this should be reported in the form of
covariances.

If the function f is a linear combination of the input
quantities, or the non-linearity of f is negligible, then the
law of propagation of uncertainty in the GUM can be used
to determine y and u(y).

While the GUM does not discuss this in much detail, if f

is non-linear, then other techniques must be used, such as are
described in GUM Supplement 1 [12].

4.3. Coverage probability and coverage interval

If an expanded uncertainty is desired, a coverage interval
y ± Up, where Up is equal to u(y) multiplied by k, can be
constructed, where k is called a coverage factor. The coverage
interval can also be specified as [ylow, yhigh], but the coverage
probability must also be given in both cases.

Note that the revised GUM is discouraging use of the y±u

reporting method, especially if u is the standard uncertainty
and not an expanded uncertainty.

Hopefully, use of the GUM and its Supplements will
continue to increase, and reporting of measurement results will
become more uniform and understandable in the literature.
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5. Summary

In summary, this paper has discussed how the GUM brought
consensus to the concept of measurement uncertainty, which
was indeed a huge accomplishment, even if the terminology to
get there had a few bumps.

Most notably, no matter what you call it, the concept
of ‘true value’ is core to the concept of ‘measurement
uncertainty’.

And the term ‘error’ is also important, but more subtly
complicated because of its dual usage, both as an unknowable
and a knowable quantity, as error of indication.

Most importantly, while it does not state it quite this way,
the GUM has brought the aspect of probability as degree of
belief to the concept of uncertainty, which revolutionized the
thinking and terminology of measurement.

Finally, it is very important that the correct methodology
and terminology used to report measurement results be
widely disseminated and implemented so that everyone can
understand exactly what was done in the measurement, now
and in the future.
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